Abstract. Let T be a positive operator on a complex Banach lattice. We prove that T is greater than or equal to the identity operator I if
Introduction
Throughout the paper, E denotes a complex Dedekind complete Banach lattice, i.e., E = Re E ⊕ Re E, where Re E is a real Dedekind complete Banach lattice. Denote by L r (E) the space of all regular operators on E, i.e., those operators that can be expressed as linear combinations of positive operators. This space is a subspace of the space L(E) of all bounded linear operators on E, and it is also a complex Banach lattice algebra with respect to the regular norm that is defined by T r := |T | . The center Z(E) defined by Z(E) := {T ∈ L r (E) : |T | ≤ λI for some λ ≥ 0} is a commutative full subalgebra of the space L(E).
is denoted by D, and it is called the diagonal map. By a result of Voigt [8] , D is a contraction with respect to the operator norm, i.e., D(T ) ≤ T for all T ∈ L r (E). It is not difficult to verify that 0 ≤ D(T ) ≤ r(T )I for any positive operator T on E, where r(T ) denotes the spectral radius of T . Other interesting properties of the diagonal map are explored in the paper [3] . For the terminology not explained in the text we refer e.g. to the books [9] , [1] , and [4] .
An operator is said to be unipotent whenever its spectrum contains only the number 1. In this note we give a partial answer to the question posed by Huijsmans and de Pagter: Is it true that T ≥ I for every unipotent positive operator T on E? This question was studied in the papers [11] , [10] and [5] . In particular, Zhang [10] showed that the answer is affirmative under the additional hypothesis that there exist α ∈ (0, 1 2 ) and a constant c ≥ 0 such that T −n = O(exp(cn α )) as n → ∞. In this paper we use the same method to prove a similar result replacing the assumption on the growth of the negative powers of T by a nice assumption on the growth of the powers of the quasinilpotent operator A = T − I.
Results
The main result of the paper is the following.
Theorem 1. Let T be a positive operator on E, and let
Proof. Let us consider the operator valued function f defined by
Since the diagonal map D is continuous with respect to the operator norm, f is an entire function, and we have
.).
We claim that f is an entire function of minimal type with respect to the order 1/2. Choose ε > 0. Then D(A n ) ≤ ε n n for large n ∈ N. Since n! ≥ n e n for all n ∈ N, we have
n n 2n for large n ∈ N. Since the order ρ of f is determined by the formula (see [2] )
we have ρ ≤ lim sup n→∞ n log n 2n log n − n log ε − n = 1 2 .
If ρ equals 1/2, then the following estimate for the type σ of f holds:
which implies that σ = 0. This proves our claim. Now, for any nonnegative number x we have
It follows that the operator valued entire function g defined by g(z) = f (z 2 ) is of minimal type with respect to the order 1 and is bounded on the real axis. By the Phragmén-Lindelöf theorem (see [2, remark 3 on p. 39]), we conclude that g and f are constant functions. Since f (0) = I, we obtain that f (x) = I for any nonnegative number x. This implies that D(T n ) = I for each n, so that D(A) = 0, completing the proof of the theorem.
We now state and prove three corollaries. The first of them provides a partial answer to the question mentioned above. 
Proof. If we denote c = sup{
Now the operator A is positive by Theorem 1. Since T n = (I + A) n ≥ nA for all n ∈ N, we have n A ≤ T n for all n ∈ N, so that A = 0. Proof. An application of Theorem 1 gives that the operator K is positive. Since K is a quasinilpotent operator, K (and T as well) has a non-trivial invariant closed ideal by the well-known result of de Pagter (see [6] or [4, theorem 4.2.2]).
